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Abstract
We summarize the definition of the Weyl groupoid in order to investigate quantum superalgebras. The Weyl
groupoid of sl(2|1) is constructed to this end. We prove that in this case quantum superalgebras associated with
Dynkin diagrams are isomorphic as superalgebras. It is shown how these quantum superalgebras considered as Hopf
superalgebras are connected via twists and isomorphisms. We build a PBW basis for each quantum superalgebra,
and investigate how quantum superalgebras are connected with their classical limits, i. e. Lie superbialgebras.
We find explicit multiplicative formulas for universal R-matrices and describe relations between them for each
realization.
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1. Introduction
In this paper we investigate quantum deformation of the Lie superalgebra sl(2|1) at roots of unity. Our con-
siderations are based on a Weyl groupoid, see Definition 3.2. We show how to associate quantum superalgebras
at roots of unity to Dynkin diagrams in Section 4.2. One of our main results is Theorem 4.2 where we show that
the two realizations are isomorphic as superalgebras. We investigate how to build a PBW basis for each realization
in Theorem 4.3. In Theorem 4.5 we show how the two realizations are connected as Hopf superalgebras. We also
compute universal R-matrices and describe relations between them for each realization.
Our work is motivated by results obtained in [13] and reformulated in [7]. In these papers is defined a Weyl
groupoid. In [24] is investigated a Weyl groupoid related to the Lie superalgebras. The case of quantum superal-
gebras is considered in [14]. We were inspired also by results obtained in [20] and [21].
We investigate only the Weyl groupoid of the Lie superalgebra sl(2|1). Nonetheless, all our considerations can
be adopt to the general case sl(m|n), where m 6= n and m,n > 0, and can be extended to the more general case
of an arbitrary basic Lie superalgebra. Thus, our definition is based on the definition of the Weyl groupoid given
in [13], [7], [24] and contains the classical and quantum versions of the Weyl groupoid. We also give an explicit
construction of the Weyl quantum groupoid using Lustig automorphisms in the spirit of the [21] and [22]. Using
this explicit description of the Weyl quantum groupoid we investigate Hopf superalgebras structures and triangular
structures associated with Dynkin diagrams and show how they are connected via twists and isomorphisms.
We will now give an outline of this paper. In Section 2 we recall basic facts about Lie superalgebras, and remind
some categorical definitions about supercategories. Next we describe Lie superalgebra sl(2|1) and show how to
endow it with the Lie superbialgebra structure.
Section 3 is divided in three parts. In Subsection 3.1 we give the definition of Cartan scheme, use it to construct
a category called Weyl groupoid and show how to build W(C) the Weyl groupoid of the Lie superalgebra sl(2|1)
in Subsection 3.2. Next in Subsection 3.3 we construct a faithful covariant functor from the W(C) to the category
of Lie superalgebras associated with Dynkin diagrams. Moreover, we show how to endow these Lie superalgebras
with the structure of Lie superbialgebras and investigate how they are related to each other.
Section 4 is divided in six parts. In Subsection 4.1 we recall the definition of the quantized universal enveloping
superalgebras. Next in Subsection 4.2 it is shown how to associate with Dynkin diagram quantum superalgebra at
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roots of unity. Subsection 4.3 contains auxiliary categorical definitions and results about Hopf superalgebras. In
Subsection 4.4 we construct a faithful covariant functor from the W(C) to the category of superalgebras associated
with Dynkin diagrams and prove that these superalgebras are isomorphic. In Subsection 4.5 we show how to build
a PBW basis for these superalgebras. In Subsection 4.6 we investigate braided Hopf superalgebras associated with
Dynkin diagrams and show how they are connected via twists and isomorphisms.
In this paper we use the following notation. Let N, Z and Q denote the sets of natural numbers, integers and
rational numbers, respectively. Let k be an algebraically closed field of characteristic zero. We also use Iverson
bracket defined by [P ] =
{
1 if P is true;
0 otherwise,
where P is a statement that can be true or false.
2. Special Lie superalgebra sl(2|1)
As for the terminology concerning Lie superalgebras, we refer to [16], [9].
A super vector space (superspace) V over field k is a k-vector space endowed with a Z2-grading, in other words,
it writes as a direct sum of two vector spaces V = V0¯⊕V1¯ such as V0¯ is the even part and V1¯ is the odd part. Define
a parity function |·| : V → Z2 for a homogeneous element x in a superspace by |x| = a¯, where v ∈ Va¯ and a¯ ∈ Z2.
A superalgebra A over the field k is a Z2-graded algebra A = A0¯ ⊕A1¯ over k. A Lie superalgebra is a superalgerba
g = g0¯ ⊕ g1¯ with the bilinear bracket (the super Lie bracket) [·, ·] : g× g → g which satisfies the following axioms,
with homogeneous x, y, z ∈ g:
[x, y] = −(−1)|x||y|[y, x],
[x, [y, z]] = [[x, y], z] + (−1)|x||y|[y, [x, z]].
A Lie superbialgebra (g, [·, ·], δ) (see [12], [18]) is a Lie superalgebra (g, [·, ·]) with a skew-symmetric linear map
δ : g→ g⊗ g that preserves the Z2-grading and satisfies the following conditions:
(δ ⊗ idg) ◦ δ − (idg ⊗ δ) ◦ δ = (idg ⊗ τg,g) ◦ (δ ⊗ id) ◦ δ, (2.1)
δ([x, y]) = [δ(x), y ⊗ 1 + 1⊗ y] + [x⊗ 1 + 1⊗ x, δ(y)], (2.2)
where x, y ∈ g, idg is the identity map on g, 1 denotes the identity element in the universal enveloping algebra of g
and τV,W : V ⊗W →W ⊗ V is the linear function given by
τV,W (v ⊗ w) = (−1)
|v||w|w ⊗ v (2.3)
for homogeneous v ∈ V and w ∈W .
We use the well-known result (for more detail see [28], [29]).
Proposition 2.1. Let g be a Lie superalgebra of type A with associated Cartan matrix (A = (aij)i,j∈I , τ), where τ
is a subset of I = {1, 2, ..., n}. Then g is generated by hi, ei and fi for i ∈ I (whose parities are all even except for
et and ft, t ∈ τ , which are odd), where the generators satisfy the relations
[hi, hj ] = 0, [hi, ej ] = aijej, [hi, fj] = −aijfj , [ei, fj] = δijhi
and the ”super classical Serre-type” relations
[ei, fj ] = 0, if aij = 0,
[ei, ei] = [fi, fi] = 0, if i ∈ τ,
(adei )
1+|aij |ej = (adfi)
1+|aij |fj = 0, if i 6= j, and i 6= τ,
[[[em−1, em], em+1], em] = [[[fm−1, fm], fm+1], fm] = 0, if m− 1,m,m+ 1 ∈ I and amm = 0,
where for x ∈ g the linear mapping adx : g→ g is defined by adx(y) = [x, y] for all y ∈ g.
Denote by n+ (resp. n−) and h the subalgebra of g(A, τ) generated by e1, ..., en (resp. f1, ..., fn) and h1, ...,
hn. Then define by b
+ = h ⊕ n+ (resp. b− = h ⊕ n−) the positive Borel subalgebra (resp. the negative Borel
subalgebra) of g(A, τ).
We remind some categorical definitions. Our notations here follow [5] (see also [6]). Let SVec denote the
category of superspaces and all (not necessarily homogeneous) linear maps. Set SVec to be the subcategory of
SVec consisting of all superspaces but only the even linear maps (superspace morphisms). The tensor product
equips SVec with a monoidal structure, and the map u ⊗ v → (−1)|u||v|v ⊗ u makes SVec into a strict symmetric
monoidal category.
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Definition 2.1. 1. A supercategory means a category enriched in SVec, i. e. each morphism space is a super-
space and composition induces an even linear map. A superfunctor between categories is a SVec-enriched
functor, i. e. a functor F : A → B such that the function HomA(λ, µ)→ HomB(Fλ, Fµ), f → Ff is an even
linear map for all λ, µ ∈ Obj(B).
2. For any supercategory A, the underlying category A is the category with the same objects as A but only its
even morphisms.
3. Let sLieAlg be the supercategory which objects are Lie superalgebras over field k. A morphism f ∈
HomsLieAlg(V,W ) between Lie superalgebras (V, [·, ·]V ) and (W, [·, ·]W ) is a linear map of the underlying
vector spaces such that f([x, y]V ) = [f(x), f(y)]W for all x, y ∈ V .
4. Let sBiLieAlg be the supercategory which objects are Lie superbialgebras over field k. A morphism f ∈
HomsLieAlg(V,W ) between Lie superbialgebras (V, [·, ·]V , δV ) and (W, [·, ·]W , δW ) is a linear map of the under-
lying vector spaces such that f([x, y]V ) = [f(x), f(y)]W and (f ⊗ f) ◦ δV (x) = δW ◦ f(x) for all x, y ∈ V .
We also need the following general result.
Proposition 2.2. Let f ∈ HomsLieAlg(g1, g2) be an isomorphism. Suppose that g1 is a Lie superbialgebra with a
skew-symmetric even linear map δg1 : g1 → g1⊗g1 which satisfies (2.1) - (2.2). Then f induces a Lie superbialgebra
structure on g2, where a skew-symmetric even linear map δg2 : g2 → g2 ⊗ g2 which satisfies (2.1) - (2.2) is defined
by
δg2 := (f ⊗ f) ◦ δg1 ◦ f
−1.
The special Lie superalgebra sl(2|1) over k is the algebra M3,3(k) of 3 × 3 matrices over k, Z2-graded as
sl(2|1)0¯ ⊕ sl(2|1)1¯, where
sl(2|1)0¯ = {X = diag(A,D)|Str(X) := tr(A) − tr(D) = 0, A ∈M2,2(k), D ∈M1,1(k)},
and
sl(2|1)1¯ = {(
0 B
C 0 ) |B ∈M2,1(k), C ∈M1,2(k)},
with the bilinear super bracket [x, y] = xy − (−1)abyx for x ∈ sl(2|1)a¯, y ∈ sl(2|1)b¯, a¯, b¯ ∈ Z2, on sl(2|1).
We choose for basis of Lie superalgebra sl(2|1) over k the following elements: h1 = e1,1− e2,2, h2 = e2,2+ e3,3,
e1 = e1,2, f1 = e2,1, e2 = e2,3, f2 = e3,2, e3 = [e1, e2] = e1,3, f3 = [f1, f2] = −e3,1, where ei,j ∈ M3,3(k)
denotes matrix with 1 at (i, j)-position and zeros elsewhere. The elements h1, h2, e1, f1 are even and e2, f2, e3, f3
are odd. We have [hi, hj ] = 0, [hi, ej] = aijej , [hi, fj] = −aijfj, [ei, fj] = δijhi, [e2, e2] = [f2, f2] = 0, [e1, [e1, e2]] =
[f1, [f1, f2]] = 0 with (aij) the matrix
A =
(
2 −1
−1 0
)
.
The Cartan subalgebra of sl(2|1) is the k-span h = 〈h1, h2〉. Denote by h
∗ the dual space of h. sl(2|1) decomposes
as a direct sum of root spaces h⊕
⊕
α∈h∗ sl(2|1)α, where
sl(2|1)α = {X | [h,X ] = α(h)X, ∀h ∈ h}.
An α ∈ h∗ − {0} is called a root if the root space sl(2|1)α is not zero. The root system for sl(2|1) is defined
to be ∆ = {α ∈ h∗ | sl(2|1)α 6= 0, α 6= 0}. Define sets of even and odd roots, respectively, to be ∆0¯ = {α ∈
∆ | sl(2|1)α ∩ sl(2|1)0¯ 6= 0}, ∆1¯ = {α ∈ ∆ | sl(2|1)α ∩ sl(2|1)1¯ 6= 0}. Thus we can define a parity function
|·|∆ : ∆→ Z2 by |x|∆ = a¯ if x ∈ ∆a¯, where a¯ ∈ Z2.
Consider the k-span d = 〈e11, e22, e33〉 and it’s dual space d
∗ = 〈ǫ1, ǫ2, δ1〉. We define a non-degenerate symmetric
bilinear form (·, ·) : d∗ × d∗ → k by
(ǫi, ǫj) = δij , (ǫi, δ1) = 0, (δ1, δ1) = −1
for all i, j ∈ I, where I := {1, 2}. We will make a convention to parameterize this basis by the set I(2|1) = {1, 2, 1¯}.
Thus ǫ1¯ := δ1. We also need a set IS(2|1) = {1, 2, 3} and a convention ǫ3 := δ1.
Notice that h∗ ⊂ d∗. Then the root system ∆ ⊆ h∗ has the form ∆ = ∆0¯ ⊕ ∆1¯, where ∆0¯ = {±(ǫ1 − ǫ2)},
∆1¯ = {±(ǫ1 − δ1),±(ǫ2 − δ1)}. Accordingly, we also have the decomposition ∆ = ∆
+ ∪∆−, where ∆+ = {ǫ1 −
ǫ2, ǫ1− δ1, ǫ2− δ1} and ∆
− = {ǫ2− ǫ1, δ1− ǫ1, δ1− ǫ2}. We choose the basis τ = {α1 := ǫ1− ǫ2, α2 := ǫ2− δ1}. The
form (·, ·) on d∗ induces a non-degenerate symmetric bilinear form on h∗, which will be denoted by (·, ·) as well. We
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define a natural pairing 〈·, ·〉 : h× h∗ → k by linearity with 〈hi, α〉 = α(hi) for all i ∈ I, α ∈ τ . Introduce the total
order on the root system ∆:
δ1 − ǫ2 < δ1 − ǫ1 < ǫ2 − ǫ1 < 0 < ǫ1 − ǫ2 < ǫ1 − δ1 < ǫ2 − δ1. (2.4)
The Cartan matrix is A = (aij = αj(hi); αj ∈ τ, i, j ∈ I). One could describe A by the corresponding Dynkin
diagram. Join vertex i with vertex j if aij 6= 0. We need two types of vertices: ◦ if aii = 2 and |αi|∆ = 0; ⊗ if
aii = 0 and |αi|∆ = 1, where i ∈ I.
Define the linear function δsl(2|1) : sl(2|1)→ sl(2|1)⊗ sl(2|1) on the generators by
δsl(2|1)(hi) = 0, δsl(2|1)(ei) =
1
2
(hi ⊗ ei − ei ⊗ hi), δsl(2|1)(fi) =
1
2
(hi ⊗ fi − fi ⊗ hi)
for i ∈ I, and extend it to all the elements of sl(2|1) using equation (2.2) and by linearity. Then sl(2|1) becomes a
Lie superbialgebra.
3. Weyl groupoid
We give a categorical definition of a Weyl groupoid. This enable us to describe the Weyl groupoid of sl(2|1) by
generators and relations. We mention how it is connected with the category of Lie superalgebras.
3.1. Cartan schemes and definition of Weyl groupoid
We adopt to our purposes the definition of a Weyl groupoid which was introduced in [13] and reformulated in
[7] (see also [24], [15], [21]). Thus we define Weyl groupoid as a supercategory. In Section 3.2 we give the example
how Lie superalgebra sl(2|1) fits in our definition.
In order to define Weyl groupoid we need auxiliary data. In this way we associate with an object of the Weyl
groupoid a non-empty set which labels its Dynkin diagram, root basis, reflections which act on this basis, maps
which indicate the direction of the action and integer coefficients used to define reflections. Conditions imposed on
the coefficients are analogous to that in the definition of a generalized Cartan matrix [17].
Definition 3.1. Let A and D be non-empty sets, where A = (ad)d∈D, V = V0¯ + V1¯ a super vector space, τ
d and
γd non-empty subspaces of V , where τd ⊆ γd for all d ∈ D, ρdα : A→ A a (partial) map for all α ∈ γ
d and d ∈ D,
and Cd = {cdα,β ∈ Z}α∈γd,β∈τd for all d ∈ D. The tuple
C = C(A,D, V, (τd)d∈D, (γ
d)d∈D, (ρ
d
α)α∈γd,d∈D, (C
d)d∈D)
is called a Cartan scheme if for all d ∈ D
1. ∃! ρd
′
β for ρ
d
α: ρ
d
′
β ρ
d
α = id, ρ
d
αρ
d
′
β = id, if ρ
d
′
β ρ
d
α and ρ
d
αρ
d
′
β are defined, for all α ∈ γ
d, where β ∈ γd
′
, d
′
∈ D,
2. cdα,α = 2 and c
d
α,β ≤ 0, where α, β ∈ γ
d with α 6= β,
3. if cdα,β = 0, then c
d
β,α = 0, where α, β ∈ γ
d,
4. cdα,β = c
d
′
α,β , where ρ
d
α(ad) = ad′ ∈ A, for all α, β ∈ τ
d.
Now we are able to formulate the definition of a Weyl groupoid where morphisms are generalizations of reflections.
Definition 3.2. Let C = C(A,D, V, (τd)d∈D, (γ
d)d∈D, (ρ
d
α)α∈γd,d∈D, (C
d)d∈D) be a Cartan scheme. For all d ∈ D,
α ∈ γd and β ∈ τd define σdα ∈ Aut(V ) by
σdα(β) = β − c
d
α,βα. (3.1)
The Weyl groupoid of C is the supercategoryW(C) such that Obj(W(C)) = A and the morphisms are compositions
of maps σdα with d ∈ D and α ∈ γ
d, where σdα is considered as an element in HomW(C)(ad, ρ
d
α(ad)). The cardinality
of D is the rank of W(C).
Definition 3.3. A Cartan scheme is called connected if its Weyl groupoid is connected, that is, if for all a, b ∈ A
there exists w ∈ HomW(C)(a, b). The Cartan scheme is called simply connected, if it is connected and HomW(C)(a, a) =
{ida} for all a ∈ A.
We characterize root systems in axiomatic way and also add explicit conditions that are imposed on reflections.
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Definition 3.4. Let C = C(A,D, V, (τd)d∈D, (γ
d)d∈D, (ρ
d
α)α∈γd,d∈D, (C
d)d∈D) be a Cartan scheme. For all ad ∈ A
let Rad ⊆ V , and define madα,β = |R
ad ∩ (N0α+ N0β)| for all α, β ∈ γ
d and d ∈ D. We say that
R = R(C, (Ra)a∈A)
is a root system of type C, if it satisfies the following axioms:
1. exists decomposition Ra = Ra+ ∪ −R
a
+, for all a ∈ A;
2. Rad ∩ Zα = {α,−α} for all α ∈ γd and d ∈ D;
3. σdα(R
ad) = Rρ
d
α(ad) for all α ∈ γd and d ∈ D;
4. for all α ∈ γd, β ∈ γd
′
, where d, d
′
∈ D, α 6= β, if α, β ∈ V , madα,β = 2 or α, β ∈ V0¯, m
ad
α,β is finite and ρ
d
αρ
d
′
β ρ
d
α
is defined, then (ρd
′
β ρ
d
α)
m
ad
α,β = id.
The elements of the set Ra, where a ∈ A, are called roots. The root system R is called finite if for all a ∈ A the
set Ra is finite. If R is a root system of type C, then we say that W(R) :=W(C) is the Weyl groupoid of R.
3.2. Weyl groupoid of sl(2|1)
Now we are able to construct the Weyl groupoid of the Lie superalgebra sl(2|1). We use notations from sections
2 and 3.1.
Let I = {1, 2} and D = {1, 2, ..., 6}. The elements of the set D will be used to label different Dynkin diagrams
for sl(2|1). Let (τd = {αd1 := ǫi1 − ǫi2 , α
d
2 := ǫi2 − ǫi3 | {i1, i2, i3} = I(2|1)})d∈D. We require that τ
d is the
basis of ∆ for all d ∈ D. Set τ1 = {α11 := ǫ1 − ǫ2, α
1
2 := ǫ2 − δ1}. Consider the family of symmetric matrices
Ad = ((α
d
i , α
d
j ))i,j∈I . Define a family of tuples A = (ad = (GdAd, τ
d))d∈D, where Gd is a diagonal matrix for all
d ∈ D which diagonal elements belong to {−1, 1}.
Let cα,β := −max{k ∈ Z | β + kα ∈ ∆} for α, β ∈ ∆. Set (γ
d = τd ∪ {αd := α | α ∈ ∆0¯,±α /∈ τ
d, cα,β ≤
0 for all β ∈ τd})d∈D. Introduce a family of sets (C
d = {cdα,β := cα,β | α ∈ γ
d, β ∈ τd})d∈D.
Denote the (usual) left action of the symmetric group S3 on IS(2|1) by ⊲ : S3 × IS(2|1)→ IS(2|1) and on ∆ by
	: S3 × ∆ → ∆, where s 	 (ǫj1 − ǫj2) = ǫs⊲j1 − ǫs⊲j2 , for s ∈ S3, j1, j2 ∈ IS(2|1). Thus define partial functions
ρdα : A → A for all α ∈ γ
d, d ∈ D, such that ρdα(ad) = ab, where b ∈ D, α = ǫj1 − ǫj2 and τ
b = {α
′
k := (j1, j2) 	
αk = σ
d
α(αk) | αk ∈ τ
d, k ∈ I}.
Consider the simply connected Cartan scheme C = C(A,D, h∗, (τd)d∈D, (γ
d)d∈D, (ρ
d
α)α∈γd,d∈D, (C
d)d∈D). We
call W(C) the Weyl groupoid of sl(2|1) (see Fig. 1). Notice that R = R(C, (∆ = ∆a)a∈A) is the root system of
type C.
©
ǫ1−ǫ2
⊗
ǫ2−δ1
⊗
ǫ1−δ1
⊗
δ1−ǫ2
⊗
δ1−ǫ1
©
ǫ1−ǫ2
©
ǫ2−ǫ1
⊗
ǫ1−δ1
⊗
ǫ2−δ1
⊗
δ1−ǫ1
⊗
δ1−ǫ2
©
ǫ2−ǫ1
d=1
σ1ǫ2−δ1
σ3δ1−ǫ2
d=3
σ3ǫ1−δ1
σ5δ1−ǫ1
d=5
d=2
σ2ǫ1−δ1
σ4δ1−ǫ1
d=4
σ4ǫ2−δ1
σ6δ1−ǫ2
d=6
σ1ǫ1−ǫ2 σ
2
ǫ2−ǫ1
σ3ǫ2−ǫ1 σ
4
ǫ1−ǫ2
σ5ǫ1−ǫ2 σ
6
ǫ2−ǫ1
Figure 1: Dynkin Diagrams of sl(2|1)
W(C) is the category generated by morphisms (recall (3.1))
B = {σd±(ǫ1−ǫ2), σ
d
±(ǫ2−δ1)
∈ Hom(W(C))| d ∈ D} (3.2)
and by conditions and relations: for all σdα ∈ B there exists unique σ
d
′
β ∈ B, where α ∈ γ
d, β ∈ γd
′
and d, d
′
∈ D,
such that madα,β = 2, ad′ = ρ
d
α(ad), ad = ρ
d
′
β (ad′ ) and
σd
′
β σ
d
α = idad , σ
d
ασ
d
′
β = ida
d
′ ; (3.3)
σ2ǫ1−δ1 = σ
3
ǫ2−ǫ1σ
1
ǫ2−δ1σ
2
ǫ2−ǫ1 ; σ
3
ǫ1−δ1 = σ
6
ǫ2−ǫ1σ
4
ǫ2−δ1σ
3
ǫ2−ǫ1 . (3.4)
It is easy to see that an element σd
′
β σ
d
α is undefined if ad′ 6= ρ
d
α(ad), where α ∈ γ
d and β ∈ γd
′
.
5
3.3. Connection with the category of Lie superalgebras
Recall the definition of the category sLieAlg (see Definition 2.1). We are able to construct the covariant faithful
functor F :W(C)→ sLieAlg.
Fix GdAd = (gαdi ,d(α
d
i , α
d
j ))i,j∈I and τ
d = {αd1 := ǫi1 − ǫi2 , α
d
2 := ǫi2 − ǫi3} ∈ Obj(W(C)) for d ∈ D, i1, i2, i3 ∈
I(2|1) and gαdi ,d ∈ {−1, 1} for i ∈ I. Recall Proposition 2.1 and define a Lie superalgebra g(Ad, τ
d) to be a Lie
superalgebra generated by {hβ,d, eβ,d, fβ,d | β ∈ τ
d} and by relations
[hαdi ,d, eαdj ,d] = gαdi ,d(α
d
i , α
d
j )eαdj ,d, [hαdi ,d, fαdj ,d] = −gαdi ,d(α
d
i , α
d
j )fαdj ,d, [eα,d, fβ,d] = δα,βhα,d, (3.5)
[eα,d, eα,d] = [fα,d, fα,d] = 0, if |α| = 1, (3.6)
(adeα,d)
1+|(α,β)|eβ,d = (adfα,d)
1+|(α,β)|fβ,d = 0, if α 6= β, and |α| 6= 1, (3.7)
where αdi , α
d
j ∈ τ
d, i, j ∈ I, α, β ∈ τd and δα,β denotes the Kronecker delta. Thus the action on objects is given by
the formula
F ((GdAd, τ
d)) = g(GdAd, τ
d), (3.8)
where Ad = ((α
d
i , α
d
j ))i,j∈I , Gd is a diagonal matrix which diagonal elements belong to {−1, 1} and d ∈ D. Notice
that sl(2|1) = g(A1, τ
1).
Consider a generator σd1α ∈ HomW(C)(ad1 , ad2) (3.2) and fix a free isomorphism
Ld1,d2 ∈ HomsLieAlg(g(Gd1Ad1 , τ
d1), g(Gd2Ad2 , τ
d2)),
where α ∈ τd1 and d1, d2 ∈ D. Define F (σ
d1
α ) = Ld1,d2 and F (σ
d2
−α) = Ld2,d1 , where Ld2,d1 := L
−1
d1,d2
. It is
easy to see that F is indeed the covariant faithful functor. We give an example of the family of isomorphisms
{F (σ) ∈ Hom(sLieAlg)}σ∈B. For any α ∈ ∆ and l1, l2 ∈ Z let rα;(l1,l2) := [α > 0]l1 + [α < 0]l2. We use the
notations introduced in this section to formulate
Proposition 3.1. There exist the unique covariant faithful functor F : W(C) → sLieAlg which satisfies equation
(3.8) and for all σd1α ∈ B
F (σd1α ) = Ld1,d2, (3.9)
where σd1α ∈ HomW(C)(ad1 , ad2), α ∈ γ
d1 , d1, d2 ∈ D, and
Ld1,d2 : g(Gd1Ad1 , τ
d1)→ g(Gd2Ad2 , τ
d2)
are unique isomorphisms in sLieAlg satisfying equations (3.10) - (3.17) below.
Ld1,d2(hα,d1) = −gα,d1g−α,d2h−α,d2, Ld1,d2(hβ,d1) = gβ,d1(g−α,d2h−α,d2 + gσd1α (β),d2
h
σ
d1
α (β),d2
), (3.10)
Ld1,d2(eα,d1) = (−1)
rα;(|α|,0)gα,d1f−α,d2 , (3.11)
Ld1,d2(fα,d1) = (−1)
rα;(0,|α|)g−α,d2e−α,d2 , (3.12)
Ld1,d2(eβ,d1) = (−1)
|σd1α (α)||σ
d1
α (β)|gβ,d1gx,d2gy,d2[ex,d2, ey,d2], (3.13)
Ld1,d2(fβ,d1) = [fy,d2, fx,d2], (3.14)
where x = σd1α (β), y = σ
d1
α (α), if |α| = 1 and α > 0, otherwise x = σ
d1
α (α), y = σ
d1
α (β); α 6= β and α, β ∈ τ
d1 ,
Ld1,d2(hβ,d1) = −gβ,d1gσd1α (β),d2
h
σ
d1
α (β),d2
, (3.15)
Ld1,d2(eβ,d1) = (−1)
rα;(0,1)gβ,d1fσd1α (β),d2
, (3.16)
Ld1,d2(fβ,d1) = (−1)
rα;(1,0)g
σ
d1
α (β),d2
e
σ
d1
α (β),d2
, (3.17)
where α /∈ τd1 and β ∈ τd1 .
One has Ld2,d1 = (Ld1,d2)
−1.
6
Proof. The proof follows from the considerations preceding the statement and from the direct computations.
We can endow Lie superalgebras bd = g(GdAd, τ
d) with the structure of a Lie superbialgebra. Recall that
GdAd = (gαdi ,d(α
d
i , α
d
j ))i,j∈I , where gαdi ,d ∈ {−1, 1} for i ∈ I. Define the linear function δbd : bd → bd ⊗ bd on the
generators by
δbd(hα,d) = 0, δbd(eα,d) =
gα,d
2
(hα,d ⊗ eα,d − eα,d ⊗ hα,d), δbd(fα,d) =
gα,d
2
(hα,d ⊗ fα,d − fα,d ⊗ hα,d), (3.18)
δbd(eα+β,d) = hα+β,d ⊗ eα+β,d − eα+β,d ⊗ hα+β,d + tα,β((−1)
|eα,d||eβ,d|eβ,d ⊗ eα,d − eα,d ⊗ eβ,d), (3.19)
δbd(fα+β,d) = hα+β,d ⊗ fα+β,d − fα+β,d ⊗ hα+β,d + tα,β((−1)
|fα,d||fβ,d|fα,d ⊗ fβ,d − fβ,d ⊗ fα,d), (3.20)
where hα+β,d =
1
2 (gα,dhα,d + gβ,dhβ,d), eα+β,d = [eα,d, eβ,d], fα+β,d = [fβ,d, fα,d], tα,β =
1
2 ((α, β) + (β, α)) = (α, β),
α 6= β and α, β ∈ τd. Extend δbd to all the elements of bd by linearity. Then bd becomes a Lie superbialgebra.
Proposition 3.2. There exist unique isomorphisms Wd1,d2 ∈ HomsLieAlg(g(Gd1Ad1 , τ
d1), g(Gd2Ad2 , τ
d2)) such that
Wd1,d2(hαd1i ,d1
) = g
α
d1
i ,d1
g
α
d2
i ,d2
h
α
d2
i ,d2
, Wd1,d2(eαd1i ,d1
) = g
α
d1
i ,d1
g
α
d2
i ,d2
e
α
d2
i ,d2
, Wd1,d2(fαd1i ,d1
) = f
α
d2
i ,d2
,
where αd1i ∈ τ
d1 , αd2i ∈ τ
d2 , i ∈ I and
(d1, d2) ∈ {(1, 2), (2, 1), (3, 4), (4, 3), (5, 6), (6, 5)}.
Also Wd1,d2 ∈ HomsBiLieAlg(g(Gd1Ad1 , τ
d1), g(Gd2Ad2 , τ
d2)) and, moreover, are the isomorphisms in sBiLieAlg.
Proof. The proof follows from the direct computations.
Remark 3.1. 1. It is easy to see by direct computations that positive (negative) Borel subalgebras of g(Gd1Ad1 , τ
d1)
and g(Gd2Ad2 , τ
d2) are not isomorphic for d1 ∈ {1, 2, 5, 6} and d2 ∈ {3, 4}.
2. Notice that g(Gd1Ad1 , τ
d1) and g(Gd2Ad2 , τ
d2) are isomorphic as Lie superbialgebras for d1 ∈ {1, 2} and d2 ∈
{5, 6}. Indeed, there exists the unique isomorphism Wd1,d2 ∈ HomsBiLieAlg(g(Gd1Ad1 , τ
d1), g(Gd2Ad2 , τ
d2))
such that
Wd1,d2(hαd1i ,d1
) = g
α
d1
i ,d1
g
α
d2
j ,d2
h
α
d2
j ,d2
, Wd1,d2(eαd1i ,d1
) = g
α
d1
i ,d1
g
α
d2
j ,d2
e
α
d2
j ,d2
, Wd1,d2(fαd1i ,d1
) = f
α
d2
j ,d2
,
where i 6= j and i, j ∈ I. Also W−1d1,d2 is defined by
W−1d1,d2(hαd2i ,d2
) = g
α
d1
j ,d1
g
α
d2
i ,d2
h
α
d1
j ,d1
, W−1d1,d2(eαd2i ,d2
) = g
α
d1
j ,d1
g
α
d2
i ,d2
e
α
d1
j ,d1
, W−1d1,d2(fαd2i ,d2
) = f
α
d1
j ,d1
,
where i 6= j and i, j ∈ I.
3. It is easy to see by direct computations that g(Gd1Ad1 , τ
d1) and g(Gd2Ad2 , τ
d2) are not isomorphic as Lie su-
perbialgebras for d1 ∈ {1, 2, 5, 6} and d2 ∈ {3, 4}. Indeed, let f ∈ HomsBiLieAlg(g(Gd1Ad1 , τ
d1), g(Gd2Ad2 , τ
d2))
be an isomorphism. Then
δad2 ◦ f(eλ,d1) = gλ,d1gα,d2gβ,d2δad2 (γ1[eα,d2 , eβ,d2] + γ2[fβ,d2, fα,d2]) =
= gλ,d1gα,d2gβ,d2(hα+β,d2 ⊗ (γ1[eα,d2, eβ,d2] + γ2[fβ,d2, fα,d2 ])−
−(γ1[eα,d2 , eβ,d2] + γ2[fβ,d2, fα,d2 ])⊗ hα+β,d2−
−tα,β(γ1eα,d2 ⊗ eβ,d2 + γ2fβ,d2 ⊗ fα,d2)+
+tα,β((−1)
|eα,d2 ||eβ,d2 |γ1eβ,d2 ⊗ eα,d2 + (−1)
|fα,d2 ||fβ,d2 |γ2fα,d2 ⊗ fβ,d2));
(f ⊗ f) ◦ δad1 (eλ,d1) = gλ,d1gα,d2gβ,d2(hα+β,d2 ⊗ (γ1[eα,d2 , eβ,d2] + γ2[fβ,d2, fα,d2 ])−
−(γ1[eα,d2 , eβ,d2] + γ2[fβ,d2, fα,d2 ])⊗ hα+β,d2),
where α = αd21 , β = α
d2
2 , hα+β,d2 =
1
2 (gα,d2hα,d2 + gβ,d2hβ,d2), tα,β =
1
2 ((α, β) + (β, α)) = (α, β), |λ| = 0,
λ ∈ τd1 and γ1, γ2 ∈ k. Notice that tα,β 6= 0. Thus we get the contradiction.
Notice that the image of the functor F :W(C)→ sLieAlg defined above is the subcategory SL in the category
sLieAlg. Recall that objects of SL (3.8) are also Lie superbialgebras defined by (3.18) - (3.20). Thus it follows
from Proposition 2.2 that morphisms in SL (3.9) are also morphisms in category sBiLieAlg. Consequently, SL is
the subcategory in the category sBiLieAlg.
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4. Weyl groupoid of quantum superalgebra sl(2|1) at roots of unity
4.1. Quantized universal enveloping superalgebras
Here we recall the notion of quantized universal enveloping superalgebras (for more detail see [28], [29], [10],
[11]).
Let K = k[[h]], where h is an indeterminate and view K as a superspace concentrated in degree 0¯. Let M be a
module over K. Consider the inverse system of K-modules
pn : Mn/h
nM →Mn−1 =M/h
n−1M.
Let Mˆ = lim
←−
Mn be the inverse limit. Then Mˆ has the natural inverse limit topology (called the h-adic topology).
Let V be a k-superspace. Let V [[h]] to be the set of formal power series. The superspace V [[h]] is naturally a
K-module and has a norm given by
||vnh
n + vn+1h
n+1 + ...|| = 2−n,
where vn 6= 0 and vi ∈ V for i ≥ n. The topology defined by this norm is complete and coincides with the h-adic
topology. We say that a K-module M is topologically free if it is isomorphic to V [[h]] for some k-module V .
Let M and N be topologically free K-modules. We define the topological tensor product of M and N to be
̂M ⊗K N which we denote by M ⊗N . It follows that M ⊗N is topologically free and that
V [[h]]⊗W [[h]] = (V ⊗W )[[h]]
for k-module V and W .
We say a (Hopf) superalgebra defined over K is topologically free if it is topologically free as a K-module and
the tensor product is the above topological tensor product.
A quantized universal enveloping (QUE) superalgebra A is a topologically free Hopf superalgebra over k[[h]] such
that A/hA is isomorphic as a Hopf superalgebra to universal enveloping superalgebra U(g) for some Lie superalgebra
g. We use the following result proved in the non-super case in [8] and in the super case in [2].
Proposition 4.1. Let A be a QUE superalgebra: A/hA ∼= U(g). Then the Lie superalgebra g has a natural structure
of a Lie superbialgebra defined by
δ(x) = h−1(∆(x˜)−∆op(x˜)) mod h, (4.1)
where x ∈ g, x˜ ∈ A is a preimage of x, ∆ is a comultiplication in A and ∆op := τU(g),U(g) ◦∆ (for the definition of
τU(g),U(g) see (2.3)).
Definition 4.1. Let A be a QUE superalgebra and let (g, [·, ·], δ) be the Lie superbialgebra defined in Proposition
4.1. We say that A is a quantization of the Lie superbialgebra g.
Let t be an indeterminate. Set [
m+ n
n
]
t
=
n−1∏
i=0
tm+n−i − t−m−n+i
ti+1 − t−i−1
∈ k[t],
where m,n ∈ N. Denote by
eht =
∑
n≥0
tnhn
n!
∈ k[[h]]. (4.2)
Put q = eh/2 and recall notations introduced in Section 2. We need the following result, see [19] and [29].
Theorem 4.1. Let (g, A, τ) be a Lie superalgebra of type A, where Cartan matrix A is symmetrizable, i. e. there
are nonzero rational numbers gi for i ∈ I such that diaij = djaji. There exists an explicit QUE Hopf superalgebra
UDJh (g, A, τ). The Hopf superalgebra U
DJ
h (g, A, τ) is defined as the k[[h]]-superalgebra generated by the elements hi,
ei and fi, where i ∈ I (all generators are even except ei and fi for i ∈ τ which are odd), and the relations:
[hi, hj ] = 0, [hi, ej] = aijej , [hi, fj ] = −aijfj,
[ei, fj] = δi,j
qgihi − q−gihi
qgi − q−gi
,
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and the quantum Serre-type relations
e2i = f
2
i = 0 for i ∈ I such that aii = 0,
[ei, ej ] = [fi, fj] = 0 for i, j ∈ I such that aij = 0 and i 6= j,
1+|aij |∑
v=0
(−1)v
[
1 + |aij |
v
]
qgi
e
1+|aij |−v
i eje
v
i =
1+|aij |∑
v=0
(−1)v
[
1 + |aij |
v
]
qgi
f
1+|aij |−v
i fjf
v
i = 0
for i 6= j, i /∈ τ and i, j ∈ I,
[[[em−1, em]q, em+1]q−1 , em] = [[[fm−1, fm]q, fm+1]q−1 , fm] = 0, if m− 1,m,m+ 1 ∈ I and amm = 0.
[·, ·]v is the bilinear form defined by [x, y]v = xy − (−1)
|x||y|vyx on homogeneous x, y and v ∈ k[[h]]. The comulti-
plication, counit and antipode are given by
∆(hi) = hi ⊗ 1 + 1⊗ hi, ∆(ei) = ei ⊗ 1 + q
gihi ⊗ ei, ∆(fi) = fi ⊗ q
−gihi + 1⊗ fi;
ǫ(hi) = ǫ(ei) = ǫ(fi) = 0; S(hi) = −hi, S(ei) = −q
−gihiei, S(fi) = −fiq
gihi ,
where i ∈ I.
4.2. Definition of quantum superalgebra at roots of unity
We introduce the quantum superalgebra of sl(2|1) for any Dynkin diagram using notations from section3.2 and
3.3 (see [4], [30]). Let q be an algebraically independent and invertible element over Q. Consider Lie superalgebra
(g, GdAd, τ
d), where GdAd = (gαdi ,d(α
d
i , α
d
j ))i,j∈I and τ
d = {αd1, α
d
2} ∈ Obj(W(C)), d ∈ D and gαdi ,d ∈ {−1, 1} for
i ∈ I. Let Udq := Uq(g, GdAd, τ
d) for any d ∈ D be the associative superalgebra over Q(q) with 1, generated by
{ei,d, fi,d, ki,d, k
−1
i,d | i ∈ I}, satisfying
XY = Y X for X,Y ∈ {ki,d, k
−1
i,d | i ∈ I}, (4.3)
ki,dk
−1
i,d = k
−1
i,d ki,d = 1, ei,dkj,d = q
−g
αd
j
,d
(αdj ,α
d
i )
kj,dei,d, kj,dfi,d = q
−g
αd
j
,d
(αdj ,α
d
i )
fi,dkj,d, (4.4)
[ei,d, fj,d]1 = ei,dfj,d − (−1)
|αdi ||α
d
j |fj,dei,d = δi,j
k
g
αd
i
,d
i,d − k
−g
αd
i
,d
i,d
q
g
αd
i
,d − q
−g
αd
i
,d
, (4.5)
e2i,d = f
2
i,d = 0, if |α
d
i | = 1, (4.6)
[ei,d, [ei,d, ej,d]q−1 ]q = [fi,d, [fi,d, fj,d]q−1 ]q = 0, if |α
d
i | = 0, (4.7)
where δi,j is the Kronecker delta, α
d
i , α
d
j ∈ τ
d and i, j ∈ I; [·, ·]v is the bilinear form defined by [x, y]v = xy −
(−1)|x||y|vyx on homogeneous x, y and v ∈ Q(q). The parity function is defined by |ki,d| = 0 and |ei,d| = |fi,d| = |α
d
i |,
where αdi ∈ τ
d and i ∈ I.
Also Udq(g) is a Hopf superalgebra which comultiplication ∆, counit ǫ and antipode S are
∆d(ki,d) = ki,d ⊗ ki,d, ∆d(ei,d) = ei,d ⊗ 1 + k
g
αd
i
,d
i,d ⊗ ei,d, ∆d(fi,d) = fi,d ⊗ k
−g
αd
i
,d
i,d + 1⊗ fi,d; (4.8)
ǫd(ki,d) = 1, ǫd(ei,d) = ǫd(fi,d) = 0; Sd(k
±1
i,d ) = k
∓1
i,d , Sd(ei,d) = −k
−g
αd
i
,d
i,d ei,d, Sd(fi,d) = −fi,dk
g
αd
i
,d
i,d , (4.9)
where i ∈ I.
Proposition 4.2. There exists the unique injective morphism of Hopf superalgebras for d ∈ D
f : Uq(g, GdAd, τ
d)→ UDJh (g, GdAd, τ),
where τ = {α | |α| = 1, α ∈ τd}, such that for i ∈ I
f(q) = e
h
2 , f(ki) = e
hhi
2 , f(k−1i ) = e
−
hhi
2 , f(ei) = ei, f(fi) = fi.
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Proof. The result follows from the direct computations.
Fix Hopf superalgebra Uq(g, GdAd, τ
d) for d ∈ D. It follows from Proposition 4.2 that we can consider Uq as
a supersubalgebra in UDJh (g, GdAd, τ). Thus we are able to apply equation (4.1) to Uq. Then it easy to see that
the Lie superalgebra (g, GdAd, τ
d) has a natural structure of a Lie superbialgebra defined by equation (3.18) and
extended to all the elements of g by requiring (2.2).
From now on let q be a root of unity of odd order p. Then it is easy to see that Udq can be defined in the same
way. Now we introduce some auxiliary notations.
Notation 4.1. Define for all d ∈ D and i ∈ I
kαdi := ki,d, eαdi := ei,d and fαdi := fi,d,
where αdi ∈ τ
d. Set a total order ≤ on τd in the following way αd1 < α
d
2 . We put
eγ,d := [eα,d, eβ,d]q−gα and fγ,d := [fβ,d, fα,d]qgα , (4.10)
where α ∈ τd: |α| = 0, β ∈ τd: |β| = 1; α = αd1 and β = α
d
2, if |α
d
1| = |α
d
2| = 1; γ = α + β ∈ ∆. Denote
τde := τ
d ∪ {α + β ∈ ∆ | α, β ∈ τd}. Introduce a total order ≤ on τde in the following way α
d
1 < α
d
1 + α
d
2 < α
d
2.
Thus define a total order ≤ on the generators of Udq and elements defined by (4.10): set kα ≤ kβ , if α ≤ β, where
α, β ∈ τd; eα ≤ eβ and fα ≤ fβ, if α ≤ β, where α, β ∈ τ
d
e ; fα < kλ < eβ , where α, β ∈ τ
d
e and λ ∈ τ
d.
Let H denote the set of all functions h : τde → {0, 1, ..., p−1} such that h(α) ≤ 1 if |α| = 1. Define for any d ∈ D
eh,d :=
∏
β∈τde
e
h(β)
β,d and fh,d :=
∏
β∈τde
f
h(β)
β,d with h ∈ H, (4.11)
where the product is taken with respect to the selected order (in ascending order).
Let H0 denote the set of all functions g : τ
d → {0, 1, ..., p− 1}. In the same way we use the standard order on
natural numbers to define the product (taken in ascending order) for any d ∈ D
kg,d :=
∏
β∈τd
k
g(β)
β,d with g ∈ H0. (4.12)
For any α ∈ ∆ and l1, l2 ∈ Z let rα;(l1,l2) := [α > 0]l1 + [α < 0]l2. For all n ∈ Z set [n] :=
qn−q−n
q−q−1 .
Denote by
expq(x) :=
∞∑
n=0
xn
(n)q!
,
where x is an indeterminate and for all k ∈ N we set (k)q :=
qk−1
q−1 and (0)q! := 1, (n)q! := (1)q(2)q...(n)q, if n ∈ Z+.
Now we define the quantum superalgebras Udq := Uq(g, GdAd, τ
d) of sl(2|1) at roots of unity for the Dynkin
diagrams labeled by d ∈ D, see also [23], Proposition 3.1.
Definition 4.2. For any d ∈ D let Udq be the quotient of the Hopf superalgebra U
d
q by the two-sided Z2-graded
Hopf ideal I generated by the following elements:
epα,d, f
p
α,d, where |α| = 0 and α ∈ τ
d
e , (4.13)
kpi,d − 1, where i ∈ I. (4.14)
For convenience we preserve the same notations for Udq as for U
d
q , where d ∈ D. Notice that Proposition 4.1 is
not true for Udq , as when we specialize to a root of unity q then the equation (4.1) doesn’t hold.
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4.3. Category of Hopf superalgebras and twists
We consider some categorical definitions and general results about Hopf superalgebras. Our notations here
follow [1].
Definition 4.3. 1. Let sAlg be the strict monoidal supercategory ([5], Definition 1.4) of unital associative super-
algebras over field Q(q). A morphism f ∈ HomsAlg(V,W ) between superalgebras (V, µV , ηV ) and (W,µW , ηW )
is a linear map of the underlying vector spaces such that f ◦ µV = µW ◦ (f ⊗ f) and f ◦ ηV = ηW .
2. Let HAlg be the strict monoidal category of Hopf algebras over field Q(q).
3. Let sHAlg be the strict monoidal supercategory of Hopf superalgebras over field Q(q). A morphism f ∈
HomsHAlg(V,W ) between Hopf superalgebras (V, µV , ηV ,∆V , ǫV , SV ) and (W,µW , ηW ,∆W , ǫW , SW ) is a linear
map of the underlying vector spaces such that f ◦ µV = µW ◦ (f ⊗ f), f ◦ ηV = ηW , (f ⊗ f) ◦∆V = ∆W ◦ f ,
ǫW ◦ f = ǫV and f ◦ SV = SW ◦ f .
Let (H,µ, η,∆, ǫ, S) be a Hopf superalgebra in sHAlg. Recall some results about twists, see [20], [3], [27].
Definition 4.4. A twist for H is an invertible even element J ∈ H ⊗H which satisfies
(∆⊗ idH)(J )(J ⊗ 1) = (idH ⊗∆)(J )(1⊗ J ), (4.15)
(ǫ ⊗ idH)(J ) = (idH ⊗ ǫ)(J ) = 1, (4.16)
where idH is the identity map of H .
Proposition 4.3. Let (H,µ, η,∆, ǫ, S) be a Hopf (super)algebra in HAlg (sHAlg) and let J be a twist for H. Then
there is a new Hopf (super)algebra HJ := (H,µ, η,∆J , ǫ, SJ ) defined by the same (super)algebra and counit, and
∆J (h) := J (∆(h))J −1, SJ (h) := U(S(h))U−1
for all h ∈ H. Here U = (idH ⊗ S)(J ) and is invertible. Moreover, U
−1 = (S ⊗ idH)(J
−1). If H is a quasi-
cocommutative (braided) Hopf (super)algebra with an universal R-matrix R then HJ is also quasi-cocommutative
(braided) with the universal R-matrix RJ :
RJ := τH,H(J )RHJ
−1,
where τH,H is defined by (2.3).
Proof. The result follows from the definition and properties of a comultiplication, antipode and universal R-matrix.
The Hopf (super)algebra
HJ := (H,µ, η,∆J , ǫ, SJ ) (4.17)
is called the twisted Hopf (super)algebra by the twist J . The same notation we use for the quasi-cocommutative
(braided) Hopf (super)algebra HJ := (H,µ, η,∆J , ǫ, SJ , RJ ). We call J the twist of type 1.
Fix χ ∈ HomHAlg(V,W ) (HomsHAlg(V,W )). If χ is an isomorphism we call it the twist of type 2.
Proposition 4.4. Let χ ∈ HomHAlg(V,W ) (HomsHAlg(V,W )) be the twist of type 2 for objects (V, µV , ηV ,∆V , ǫV , SV )
and (W,µW , ηW ,∆W , ǫW , SW ). Let for any w ∈W
∆χW (w) := (χ⊗ χ) ◦∆V (χ
−1(w)), ǫχW (w) := ǫV ◦ χ
−1(w), SχW (w) := χ ◦ SV (χ
−1(w)).
Then V χ := (W,µW , ηW ,∆
χ
W , ǫ
χ
W , S
χ
W ) is a Hopf (super)algebra isomorphic to V . If V is a quasi-cocommutative
(braided) Hopf (super)algebra with an universal R-matrix RV then W is also quasi-cocommutative (braided) with
the universal R-matrix RχW :
RχW = (χ⊗ χ)(RV ).
Proof. The result follows from the definition of a Hopf (super)algebra morphism and direct computations.
The Hopf (super)algebra
V χ := (W,µW , ηW ,∆
χ
W , ǫ
χ
W , S
χ
W ) (4.18)
is called the twisted Hopf (super)algebra by the isomorphism χ. The same notation we use for the quasi-cocommutative
(braided) Hopf (super)algebra V χ := (W,µW , ηW ,∆
χ
W , ǫ
χ
W , S
χ
W , R
χ
W ).
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4.4. Lusztig type isomorphisms
In this section we show that morphisms of category W(C) can be represented by isomorphisms between the
quantum superalgebras Udq , where d ∈ D, in category sAlg. Compare with the Section 3.3, see also [14], [22].
We introduce the covariant faithful functor Fq : W(C) → sAlg. Fix (GdAd, τ
d) ∈ Obj(W(C)) for d ∈ D. The
action on objects is given for all d ∈ D by the formula
Fq((GdAd, τ
d)) = Udq . (4.19)
Consider a generator σd1α ∈ HomW(C)(ad1 , ad2) (3.2) and fix a free isomorphism Td1,d2 ∈ HomsAlg(U
d1
q , U
d2
q ), where
α ∈ γd1 and d1, d2 ∈ D. Define Fq(σ
d1
α ) = Td1,d2 and Fq(σ
d2
−α) = Td2,d1, where Td2,d1 := T
−1
d1,d2
. It is easy to see that
Fq is indeed the covariant faithful functor.
We give an example of the family of isomorphisms {Fq(σ) ∈ Hom(sAlg)}σ∈B. Call them Lusztig type iso-
morphisms. We use notations introduced in 4.1. Remind that GdAd = (gαdi ,d(α
d
i , α
d
j ))i,j∈I , where α
d
i ∈ τ
d and
gαdi ,d ∈ {−1, 1} for i ∈ I.
Theorem 4.2. There exist the unique covariant faithful functor Fq : W(C)→ sAlg which satisfies equation (4.19)
and for all σd1α ∈ B
Fq(σ
d1
α ) = Td1,d2 , (4.20)
where σd1α ∈ HomW(C)(ad1 , ad2), α ∈ γ
d1 , d1, d2 ∈ D, and
Td1,d2 : U
d1
q → U
d2
q
are unique isomorphisms in sAlg satisfying equations (4.21) - (4.28) below.
Td1,d2(kα,d1) = k
−gα,d1g−α,d2
−α,d2
, Td1,d2(kβ,d1) = k
gβ,d1g−α,d2
−α,d2
k
gβ,d1gσd1α (β),d2
σ
d1
α (β),d2
, (4.21)
Td1,d2(eα,d1) = (−1)
rα;(|α|,0)q
(α,α)
2 rα;(−1,1)gα,d1f−α,d2k
rα;(1,−1)g−α,d2
−α,d2
, (4.22)
Td1,d2(fα,d1) = (−1)
rα;(0,|α|)q
(α,α)
2 rα;(1,−1)g−α,d2k
rα;(−1,1)g−α,d2
−α,d2
e−α,d2 , (4.23)
Td1,d2(eβ,d1) = (−1)
|σd1α (α)||σ
d1
α (β)|gβ,d1gx,d2gy,d2[ex,d2, ey,d2 ]qz , (4.24)
Td1,d2(fβ,d1) = [fy,d2, fx,d2]q−z , (4.25)
where x = σd1α (β), y = σ
d1
α (α), if |α| = 1 and α > 0, otherwise x = σ
d1
α (α), y = σ
d1
α (β); z = rα;(1,−1)(2[α >
0]|α||β| − 1), α 6= β and α, β ∈ τd1 ,
Td1,d2(kβ,d1) = k
−gβ,d1gσd1α (β),d2
σ
d1
α (β),d2
, (4.26)
Td1,d2(eβ,d1) = (−1)
rα;(0,1)gβ,d1fσd1α (β),d2
k
rα;(1,−1)g
σ
d1
α (β),d2
σ
d1
α (β),d2
, (4.27)
Td1,d2(fβ,d1) = (−1)
rα;(1,0)g
σ
d1
α (β),d2
k
rα;(−1,1)g
σ
d1
α (β),d2
σ
d1
α (β),d2
e
σ
d1
α (β),d2
, (4.28)
where α /∈ τd1 and β ∈ τd1 .
One has Td2,d1 = (Td1,d2)
−1, where d1, d2 ∈ D.
Proof. The proof follows from the considerations preceding the statement and from the direct computations.
Notice that the image of the functor Fq : W(C) → sAlg defined above is the subcategory QS in the category
sAlg. Recall that objects of QS (4.19) are also Hopf superalgebras defined by (4.8) - (4.9). Thus it follows from
Proposition 4.4 that morphisms in QS (4.20) are also morphisms in category sHAlg. Consequently, QS is also the
subcategory in the category sHAlg. Recall that we defined in the analogous way the subcategory SL in the category
sBiLieAlg, see Section 3.3.
Proposition 4.5. Categories QS and SL are equivalent, where the equivalence H : QS → SL is defined on objects
by H(Udq ) = g(GdAd, τ
d) and on morphisms by H(idUdq ) = idg(GdAd,τd) and H(Td1,d2) = Ld1,d2 , where d, d1, d2 ∈ D.
Proof. It is easy to see that the functor H is full, faithful and dense. The result follows.
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4.5. PBW basis of Udq
We build for any d ∈ D the PBW basis of Udq . Remind the notations and conventions introduced in 4.1. See
also [25], [26].
Theorem 4.3. The elements
Y = {fh−,d · kh0,d · eh+,d | h−, h+ ∈ H,h0 ∈ H0}
form a Q(q)-basis of the quantum superalgebra Udq , where d ∈ D.
Proof. The statement immediately follows from the proof ([23], Theorem 3.1). We need only to add extra relations
4.30 and check that the result remains true. Therefore, we give only a sketch of the proof.
Consider a Q(q) super vector space L generated by X = {eα,d, fα,d, kβ,d, k
−1
β,d | α ∈ τ
d
e , β ∈ τ
d}. Introduce a pair
(T (L), i) where T (L) is the tensor superalgebra of the vector superspace L and i is the canonical inclusion of L in
T (L). We identify for convenience X and i(X). Rewrite equations (4.3) - (4.7) and (4.13) - (4.14) in T (L) in the
following way
a⊗ b− (−1)|a||b|qδ(a,b)b⊗ a− [a, b]qδ(a,b) = 0, (4.29)
where a, b ∈ X, [a, b]qδ(a,b) ∈ T (L), δ : X ×X → {−2,−1, 0, 1, 2},
a⊗p − ca = 0, (4.30)
where a ∈ X , |a| = 0 and ca ∈ Q(q) ⊂ T (L). Denote by J a Z2-graded two-sided ideal in T (L) generated by
relations (4.29) and (4.30). Notice that Udq
∼= T (L)/J .
The index of xi1 ⊗ xi2 ⊗ ... ⊗ xin ∈ T (L) is defined to be the number of pairs (l,m) with l < m but xil > xim ,
where xij ∈ X , ij ∈ τ
d
e and j ∈ N. We adopt in a natural way the definition of the index on elements of U
d
q . Denote
by G the monomials having index 0. Notice that G = Y in Udq . Thus, we want to prove that G forms the basis of
Udq considered as the Q(q)-superspace.
Notice that each element in Udq is a Q(q)-linear combination of unit and standard monomials. Indeed, it is easy
to prove by induction on degree and index of elements in Udq that this is the case.
Further show that elements ofG are linear independent in Udq . LetR be the polynomial ringR = Q(q)[z1, ..., z|X|].
Endow R with the structure of the superalgebra by defining the parity function |zi| = |fα,d|, |zj+|τde || = |kαdj ,d| and
|zi+|I|+|τde || = |eα,d|, where α ∈ τ
d
e and α
d
j ∈ τ
d follow in ascending order, i ∈ {1, ..., |τde |} and j ∈ {1, ..., I}. Now
we want to construct a morphism of superspaces Udq → R which restriction on G is a monomorphism that takes all
the elements of G to linear independent polynomials in R. Then the result follows. Thus, we proof that there is a
superspace morphism θ : T (L)→ R which satisfies the following relations
θ(1) = 1, θ(fα,d) = zi, θ(kαdj ,d) = zj+|τde |, θ(eα,d) = zi+|I|+|τde |,
where α ∈ τde and α
d
j ∈ τ
d follow in ascending order, i ∈ {1, ..., |τde |} and j ∈ {1, ..., I},
θ(xi1 ⊗ xi2 ⊗ ...⊗ xin) = zi1zi2 ...zin , if xi1 ≤ xi2 ≤ ... ≤ xin ,
θ(xi1 ⊗ xi2 ⊗ ...⊗ xik ⊗ xik+1 ⊗ ...⊗ xin)− (−1)
|xik ||xik+1 |qδ(xik ,xik+1)θ(xi1 ⊗ xi2 ⊗ ...⊗ xik+1 ⊗ xik ⊗ ...⊗ xin) =
= θ(xi1 ⊗ xi2 ⊗ ...⊗ [xik , xik+1 ]⊗ ...⊗ xin)
for all xi1 , xi2 , ..., xin ∈ X and 1 ≤ k < n, where xij ∈ X , ij ∈ τ
d
e and j ∈ N,
θ(x⊗p) = cx,
where x ∈ X, |x| = 0 and cx ∈ Q(q).
Recall that T 0(L) = Q(q)1 and T n(L) =
⊗n
i=1 L, where n ∈ N. Denote by T
n,j(L) a linear subspace T n(L)
spanned by all monomials xi1 ⊗ xi2 ⊗ ...⊗ xin , which have index less or equal to j. Thus,
T n,0(L) ⊂ T n,1(L) ⊂ ... ⊂ T n(L).
We define θ : T 0(L)→ R by θ(1) = 1. Suppose inductively that θ : T 0(L)⊕T 1(L)...⊕T n−1(L)→ R has already been
defined satisfying the required conditions. We will show that θ can be extended to θ : T 0(L)⊕T 1(L)...⊕T n(L)→ R.
We define θ : T n,0(L)→ R by
θ(xi1 ⊗ xi2 ⊗ ...⊗ xin) = zi1zi2 ...zin
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for standard monomials of degree n. We suppose θ : T n,i−1 → R has already been defined, thus giving a superspace
morphism from θ : T 0(L) ⊕ T 1(L)... ⊕ T n−1(L) ⊕ T n,i−1(L) → R satisfying the required conditions. We wish to
define θ : T n,i(L)→ R.
Assume that the monomial xi1 ⊗ xi2 ⊗ ...⊗ xin has the index i ≥ 1 and let xik ≥ xik+1 . Then define
θ(xi1 ⊗ ...⊗ xik ⊗ xik+1 ⊗ ...⊗ xin) = θ(xi1 ⊗ ...⊗ [xik , xik+1 ]⊗ ...⊗ xin)+ (4.31)
+(−1)|xik ||xik+1 |qδ(xik ,xik+1)θ(xi1 ⊗ ...⊗ xik+1 ⊗ xik ⊗ ...⊗ xin).
This definition is correct as both terms on the right side of the equation belong to a super vector space T 0(L) +
T 1(L) + ... + T n−1(L) + T n,i−1(L). We state that the definition 4.31 doesn’t depend on the choise of the pair
(xik , xik+1), where xik > xik+1 . Let (xij , xij+1 ) be another pair, where xij > xij+1 . There are two different possible
situations: 1. xij > xik+1 , 2. xij = xik+1 . It is easy to see that the statement is true in both cases.
Further define
θ(xi1 ⊗ ...⊗ xik ⊗ x
⊗p ⊗ xik+p+1 ⊗ ...⊗ xin) = cxθ(xi1 ⊗ ...⊗ xik ⊗ xik+p+1 ⊗ ...⊗ xin), (4.32)
where p ≤ n, x ∈ X , |x| = 0 and cx ∈ Q(q). Let the monomial xi1 ⊗ ... ⊗ xik ⊗ x
⊗p ⊗ xik+p+1 ⊗ ... ⊗ xin have the
index i ≥ 1. Then it is easy to see that the order of application of equations (4.31) and 4.32 doesn’t affect on result.
Notice, in this connection, that
θ(xp ⊗ y) = θ(y ⊗ xp) = cxθ(y),
if x > y, where x, y ∈ X , |x| = 0 and cx ∈ Q(q),
θ(y ⊗ xp) = θ(xp ⊗ y) = cxθ(y),
if y > x, where x, y ∈ X , |x| = 0 and cx ∈ Q(q).
Thus we have defined a map θ : T n,i(L) → R. A linear extension of this map gives us θ :
∑n−1
j=0 T
j(L) ⊕
T n,i(L) → R, which satisfies the required conditions. Since T n = T n,r for sufficiently large r, we can consider a
map θ :
∑n
j=0 T
j(L)→ R. Since T (L) = T 0⊕
∑
i∈N T
i(L), we get a map θ : T (L)→ R, which satisfies the required
conditions. It is easy to see that θ : T (L) → R annihilates J . Thus, θ induces the required superspace morphism
θ¯ : T (L)/J → R, that is θ¯ : Udq → R.
4.6. Hopf superalgebra structure and universal R-matrix
We describe how the standard Hopf superalgebra structures associated with each Dynkin diagram are related.
We begin with
Proposition 4.6. Let σd1α ∈ Hom((Gd1Ad1 , τ
d1), (Gd2Ad2 , τ
d2)), where σd1α ∈ B, d1, d2 ∈ D and α ∈ τ
d1 such that
|α| = 0. There exist unique isomorphism Wd1,d2 ∈ HomsAlg(U
d1
q , U
d2
q ) defined by
Wd1,d2(kαd1i ,d1
) = k
g
α
d1
i
,d1
g
α
d2
i
,d2
α
d2
i ,d2
, Wd1,d2(eαd1i ,d1
) = g
α
d1
i ,d1
g
α
d2
i ,d2
e
α
d2
i ,d2
, Wd1,d2(fαd1i ,d1
) = f
α
d2
i ,d2
,
where αd1i ∈ τ
d1 , αd2i ∈ τ
d2 and i ∈ I.
Also Wd1,d2 ∈ HomsHAlg(U
d1
q , U
d2
q ) and, moreover, is the isomorphism in sHAlg.
Proof. The proof follows from the direct computations.
Isomorphisms described in Theorem 4.2 induce Hopf superalgebra structures being twists of type 2, see Section
4.3. We want to understand how the new Hopf superalgebra structure is related to the standard one defined by
equations (4.8) - (4.9).
Let Fq(σ
d1
α ) = Td1,d2 , where σ
d1
α ∈ B, α ∈ τ
d1 and d1, d2 ∈ D. Order the roots in ∆ using the equation (2.4).
Introduce auxiliary maps QTd1,d2 : U
d2
q → U
d2
q defined by
QTd1,d2 =Wd1,d2 ◦ T
−1
d1,d2
(4.33)
for |α| = 0, and elements WTd1,d2 ∈ U
d2
q ⊗ U
d2
q defined by
WTd1,d2 = expq2((−1)g−α,d2(q − q
−1)k
−g−α,d2
−α,d2
e−α,d2 ⊗ f−α,d2k
g−α,d2
−α,d2
), (4.34)
for |α| = 1 and α > 0,
WTd1,d2 = expq2((−1)g−α,d2(q − q
−1)f−α,d2 ⊗ e−α,d2) (4.35)
for |α| = 1 and α < 0.
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Theorem 4.4. QTd1,d2 and WTd1,d2 are twists of type 1 or 2 for U
d2
q . Moreover, the Hopf superalgebra U
d2
q coincides
with the Hopf superalgebra ((Ud1q )
Td1,d2 )
PTd1,d2 , where PTd1,d2 is equal to QTd1,d2 or WTd1,d2 .
Proof. It is easy to see that QTd1,d2 (4.33) is the twist of type 1. One has to check that equations (4.15) -
(4.16) are true for WTd1,d2 defined by (4.34) - (4.35). To prove the second statement build Hopf superalgebra
((Ud1q )
Td1,d2 )
PTd1,d2 , where PTd1,d2 is equal to QTd1,d2 (WTd1,d2 ), using Proposition 4.4 (Proposition 4.3) and the
result will follow.
Let ad1 = (Gd1Ad1 , τ
d1) and adn = (GdnAdn , τ
dn) be arbitrary objects in W(C) for d1, dn ∈ D and n ∈ N. It
follows from the definition of W(C) and equations (3.2) - (3.4) that there is a morphism θ ∈ HomW(C)(ad1 , adn).
Let θ = σ
dn−1
αin−1
...σd2αi2σ
d1
αi1
, where σdkαik
∈ HomW(C)(adk , adk+1), ik ∈ I, dk ∈ D, αik ∈ τ
dk and k, n ∈ N. It follows
from Theorem 4.2 that the functor Fq : W(C) → sAlg induces a Lusztig type isomorphism Td1,dn : U
d1
q → U
dn
q in
sAlg such that Fq(θ) = Td1,dn and Td1,dn = Tdn−1,dn ...Td2,d3Td1,d2. Thus we can consider Hopf superalgebra
(Ud1q )
ω := (Ud1q )
((...((((Td1,d2)
PTd1,d2 )
Td2,d3 )
PTd2,d3 )...)
Tdn−1,dn )
PTdn−1,dn
,
where PTdi,dj is equal to QTdi,dj (4.33) or WTdi,dj (4.34) - (4.35) for i, j ∈ N, see formulas (4.17) and (4.18) for
notations.
Theorem 4.5. Hopf superalgebra (Ud1q )
ω coincides with the Hopf superalgebra Udnq .
Proof. The result follows from Theorem 4.2 and Theorem 4.4.
Remark 4.1. 1. Notice that for all d ∈ D and α ∈ τd we have
S2d(k
±
α,d) = k
±
α,d, S
2
d(eα,d) = q
−(α,α)eα,d, S
2
d(fα,d) = q
(α,α)fα,d.
Then there is no isomorphism f ∈ HomsHAlg(U
d1
q , U
d2
q ) for (d1, d2) ∈ {(1, 3), (6, 4)}. Indeed, suppose f is a
such isomorphism. Then
f = S2d2 ◦ f = Sd2 ◦ f ◦ Sd1 = f ◦ S
2
d1 =⇒ S
2
d1 = idUd1q
.
We get a contradiction.
2. Notice that Ud1q and U
d2
q are isomorphic as Hopf superalgebras for d1 ∈ {1, 2} and d2 ∈ {5, 6}. Indeed, there
exists the unique isomorphism W qd1,d2 ∈ HomsHAlg(U
d1
q , U
d2
q ) such that
W qd1,d2(kαd1i ,d1
) = k
g
α
d1
i
,d1
g
α
d2
j
,d2
α
d2
j ,d2
, W qd1,d2(eαd1i ,d1
) = g
α
d1
i ,d1
g
α
d2
j ,d2
e
α
d2
j ,d2
, W qd1,d2(fαd1i ,d1
) = f
α
d2
j ,d2
,
where i 6= j and i, j ∈ I. Also (W qd1,d2)
−1 is defined by
(W qd1,d2)
−1(h
α
d2
i ,d2
) = k
g
α
d1
j
,d1
g
α
d2
i
,d2
α
d1
j ,d1
, (W qd1,d2)
−1(e
α
d2
i ,d2
) = g
α
d1
j ,d1
g
α
d2
i ,d2
e
α
d1
j ,d1
, (W qd1,d2)
−1(f
α
d2
i ,d2
) = f
α
d1
j ,d1
,
where i 6= j and i, j ∈ I.
Notice that we can construct new Hopf superalgebras using Proposition 4.4 and Theorem 4.2.
Example 4.1. For simplicity of notation, we assume that all Cartan matrices are symmetric, i. e. Gd is the
identity matrix for all d ∈ D (see Section 3.2 for the definition of Gd).
Consider T2,1 : U
2
q → U
1
q defined in Theorem 4.2. Recall that τ
1 = {α11 = ǫ1 − ǫ2, α
1
2 = ǫ2 − δ1} and let
α13 = α
1
1 + α
1
2. Then we get a new Hopf superalgebra structure on U
1
q :
∆
T2,1
1 (ki,1) = ki,1 ⊗ ki,1,
∆
T2,1
1 (eα11,1) = eα11,1 ⊗ 1 + k
−1
1,1 ⊗ eα11,1, ∆
T2,1
1 (eα12,1) = ∆1(eα12,1) + (q − q
−1)fα11,1k2,1 ⊗ [eα11,1, eα12,1]q,
∆
T2,1
1 (fα11,1) = fα11,1 ⊗ k1,1 + 1⊗ fα11,1, ∆
T2,1
1 (fα12,1) = ∆1(fα12,1)− (q − q
−1)[fα12,1, fα11,1]q−1 ⊗ k
−1
2,1eα11,1;
ǫ
T2,1
1 (ki,1) = 1, ǫ
T2,1
1 (eα1i ,1) = ǫ
T2,1
1 (fα1i ,1) = 0;
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S
T2,1
1 (k
±1
i,1 ) = k
∓1
i,1 , S
T2,1
1 (eα11,1) = −k1,1eα11,1, S
T2,1
1 (eα12,1) = [[eα11,1, eα12,1]q, fα11,1k
−1
1,1]q−1k
−1
2,1,
S
T2,1
1 (fα11,1) = −fα11,1k
−1
1,1, S
T2,1
1 (fα12,1) = [k1,1eα11,1, [fα12,1, fα11,1]q−1 ]qk2,1,
where ∆
T2,1
1 = ∆
T2,1
U1q
, ǫ
T2,1
1 = ǫ
T2,1
U1q
, S
T2,1
1 = S
T2,1
U1q
and i ∈ I.
Consider T1,3 : U
1
q → U
3
q . Remind that τ
3 = {α31 = ǫ1 − δ1, α
3
2 = δ1 − ǫ2} and let α
3
3 = α
3
1 + α
3
2. Then
∆
T1,3
3 (ki,3) = ki,3 ⊗ ki,3,
∆
T1,3
3 (eα31,3) = ∆3(eα31,3) + (1− q
2)k−12,3eα33,3 ⊗ fα32,3k2,3, ∆
T1,3
3 (eα32,3) = eα32,3 ⊗ k
2
2,3 + k2,3 ⊗ eα32,3,
∆
T1,3
3 (fα31,3) = ∆3(fα31,3) + (1− q
−2)k−12,3eα32,3 ⊗ fα33,3k2,3, ∆
T1,3
3 (fα32,3) = fα32,3 ⊗ k
−1
2,3 + k
−2
2,3 ⊗ fα32,3;
ǫ
T1,3
3 (ki,3) = 1, ǫ
T1,3
3 (eα3i ,3) = ǫ
T1,3
3 (fα3i ,3) = 0;
S
T1,3
3 (k
±1
i,3 ) = k
∓1
i,3 , S
T1,3
3 (eα31,3) = −(q − q
−1)fα32,3k
−1
1,3k2,3eα33,3 − q
−2k−11,3eα31,3, S
T1,3
3 (eα32,3) = −k
−3
2,3eα32,3,
S
T1,3
3 (fα31,3) = (q − q
−1)fα33,3k1,3k
−1
2,3eα32,3 − q
2fα31,3k1,3, S
T1,3
3 (fα32,3) = −fα32,3k
3
2,3,
where ∆
T1,3
3 = ∆
T1,3
U3q
, ǫ
T1,3
3 = ǫ
T1,3
U3q
, S
T1,3
3 = S
T1,3
U3q
and i ∈ I.
We know that the universal R-matrix R¯1 of Uq(sl(2|1)) (see [23], Theorem 3.4) is the even element
R¯1 = R˜K,
where
R˜ = expq2((q − q
−1)eα13 ⊗ fα13)expq2((q − q
−1)eα12 ⊗ fα12)expq2((−1)(q − q
−1)eα11 ⊗ fα11)×
×expq2((−1)(q
2 − 1)(q − q−1)2eα13eα12 ⊗ fα13fα12),
K = p−2
∑
0≤i1,j1,i2,j2≤p−1
qi1(2i2−j2)−j1i2ki21 k
j2
2 ⊗ k
i1
1 k
j1
2 .
It follows from Theorem 4.5 and Corollary 4.6 that R-matrix R¯3 for U
3
q with the standard Hopf superalgebra
structure defined by equations (4.8) - (4.9) is
R¯3 = (τU3q ,U3q ◦WT1,3)R¯
T13W−1T1,3 ,
where
R¯T13 = (T1,3 ⊗ T1,3)(R¯1) = R˜
T13KT1,3 ,
R˜T13 = expq2((q − q
−1)eα31,3 ⊗ fα31,3)expq2((−1)(q − q
−1)fα32,3kα32,3 ⊗ k
−1
α32,3
eα32,3)expq2((q − q
−1)eα33,3 ⊗ fα33,3)×
×expq2((−1)(q − q
−1)3fα32,3kα32,3eα31,3 ⊗ fα31,3k
−1
α32,3
eα32,3),
KT1,3 = p−2
∑
0≤i1,r1,i2,r2≤p−1
qi1r2+i2r1ki2
α31
kr2
α32
⊗ ki1
α31
kr1
α32
,
WT1,3 = 1⊗ 1− (q − q
−1)k−1
α32,3
eα32,3 ⊗ fα32,3kα32,3,
W−1T1,3 = 1⊗ 1 + (q − q
−1)k−1
α32,3
eα32,3 ⊗ fα32,3kα32,3.
It follows from the direct computations that
R¯3 = expq2((q − q
−1)eα31,3 ⊗ fα31,3)expq2((q − q
−1)eα33,3 ⊗ fα33,3)expq2((q − q
−1)eα32,3 ⊗ fα32,3)K
T1,3 .
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